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ABSTRACT

Thu report consists of to mjor parts. mw first dwls vith the
develoot of formlas for czprting the probability that a point taken
f & norm biwarlate elliptical distribution vith specified mean

a') nd standard deviations (Sx 4T ) shall fall within aL circle of
9Iwa radius (R) ~.vb center in displaced a given distance (D) fro the
center of the distribution. Wsecod prt consists entirely of probabil-
ity tables. no entries (Input p-ameters) to these tables are given in
units standardized with respect to O,- 09 ml: 'R Ax~ t D/, 14& /6 Th
spectre of values for these input paameters ar as follovs:6yI€x:0-o(0o.P),.0; R/dx:0oo(o.t04.s ; :D/ x : O.000.05) S. 00.

These tables vill prove especially useful in dealing. vith problem involving
accuracy studies of aespons system and vith other problem notably in
meteorological studies. The events in mny practical probability problem
ame best described by a norma bivariate elliptical distribution vith
unequal standard deviations. For euMple, one may be confronted vith the
problem of evaluating the probability that a missile will hit a circle o' a
specified radius mboe center (ai point) is displaced a given distance L
r the man (of impact points) of a norml bivariate elliptical distribu-

tion. In this exmple the impact points are governed by a normsl(Gaussian)
bivariate elliptical density function; the mean of this distribution is not
zero (i.e., the center of the distribution iq not about the aim point).
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N[ (xa);(Xm) (4:i cx~ Twj4mnsioal, density funtion Of a
DouMI (aussian) biriate elliptical
distrbutim vith zero correlation and

(ZI): Cozdintofa the smnof the distribution.

,,) : Standrd deations of the x and y variates.

m( I i Mm (*&In biase ) of the distribution.

S : Ay region I the xy ir e

/C : Circular region of rAius R centered at origin (0,0) (&ine point-)
and offset & distance D the-t een M ( ,) of a noml bi iate
elliptical distribution.

R : hdius of circle centered at &In point (0.,0).

D : Offset diastefa center of circle to amen of the distribution

P[(zXy),E Mw] probabilty that a point (zx,y) frois a norml
bivariate elliptical, distribution N[xy;~ )

C* 6Y with Zero correlation Wall within a
region S in the zy plane.

P [zy) E41 :The probability that point (z.. y).fo a norial
bivariat* elliptical distribution N [(xxy); (rj

6x:# 4yfIlls, vithin a circular region e of

radius R lying in the plane -ang an aXisL of symtry
centered &bout the origin (0,0) and offset a distance
D fr the men XF)of the distribution.

r :Patio of d. o X 6 =6yA; 6A 'to)

RASX, DAKj , /d : Dimensionless stezzdardised, units with respect to
Iflpit parameters (entries) for' the probability
tables appmaring in this report.

A: R1/6

L :DAFi
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TABLES OF OFTSET CIRCLE PROBABILITIES FO,
A 1ORMAL BIVARIATE ELLIPTICAL DISTB L'IOI

1. INTRODUCTION

Ned f r Offset Circle Probability Tables

Apart from considerations of a purely theoretical nature, many
practical (probability) problems present themselves with reference to events
best described by a bivariate normal distribution with unequal standard
deviations (i.e. 6t # 6[) . The standard deviations in the x and y
coordinates are represented by Or, and 6 respectively. Such a distribution
is known as a normal bivariate elliptical distribution.

One may, for example, be confronted with the problem of evaluating the
probability that a missile will hit a circle of radius of a specified magni-
tude whose center (aim point) is displaced a given distance from the mean
(of impact paints) of a normal bivariate distribution with r * C
Note that in this particular example the impact points are governed by a
normal (Gaussian) bivariate elliptical density function; the mean of this
distribution is not zero (i.e. the center of the distribution is not about
the aim point).

These tables will be especially useful in providing answers to such
problems as well as to kindred problems dealing with accuracy studies of
weapons systems, their capability of delivering missiles with a specified
accuracy, etc. (e.g. accuracy studies of the aim point and impact point).

There are, indeed, other problems, notably in meteorological investiga-
tions, where the solutions to problems are best approximated and deL.:ribed by
normal bi-ariate elliptical distributions.

2. SUMARY

This report consists of two major parts. The first part deals with the
development of formulas for computing the probability that a p.oint taken from
a normal bivariate elliptical distribution with specified X, Y ,
shall fall within a circ]e of a given radius whose center is displaced a
given distance from the center of the distribution. The other part consists
entirely of probability tables. The input parameters (entries) to these
tables are given in units standardized with respect to 0X , namely:

, The spectra of values for these input

Preceding Page Blank



p~arawters are:

r(--dAr): O.O.r; 4_ o , in intervals of 0.2

RI& a 0 !o , in intervals of 0.1

2)/T 00 in intervals of 0.05.

3. DISCUSSION

a. THE WORMAL BIVARIATE DISTRIBUTION

The normal (Gaussian) bivariate distribution function is given by
the following expression:

where x and y are statistically independent stochastic variables (zero
correlation), and 2 and 3 are the x-mean and y-mesn respectively. The - Lnc -
tion f(x,y) is defined over the entire xy plane, and <is not equal to d

In case X = 6 , equation (3a-1) is transformed to:

2' " ridex)+cl..).] IX~/ (3a-2)

Equation (3a-2) can be converted, by means of a linear transforma-
tion, into one with new variables u, v, that are stochastically indepondent
and are normally distributed with mean equal to zero and with standard
deviations = 4 - . The transformed distribution function is

given by:

2
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If x and y are not statistically independent, the distribution

function contains the correlati- n coefficient * It is given by the
following expression:

The two-dimensiotaLl distribution given by equation (3a,*) is obtained fro
(3a-4) by equating 7 to zero and by transforming (by a linear transfor ation)

to nev variables u, v. It is pertinent to observe that equation (3&-3) may
be traisformd to polar coordinates to yield the distribution function

S()given by the following expression:

S(P) o 4r - CO < o

where 0is cal-le-1 the radial error: 4 U-1V (X

Equations (3a-5) represent the well-known Rayleigh distribution.
The probability that a radial error P lles within a circle of radius R is

obtained by integrating equation (3a-5):

p(P4R)=Sx&I*zaTd * a-6)
0

It is to be noted that the distribution function (the probability density

function), f (x, y), in (3a-I) is constant for a constant value of the

exponent, that is, for:

~~~Y9 +~) (Yx X~ (a

For a given value of the correlation coefficient and a constant value of

; , the loci of the points (x, y) satisfying equation (3a-7) are equi-

probability ellipses (contour ellipses). The distribution function f (x, y)
assumes its greatest value at the point (Xt y). The equi-probability ellipses

have the property that outside the ellipses no values of the density are
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greater than those assumed on the interior. When 71= 0, equation (3a-7)
becomes:

~ (3a-8)

Equation (3a- 8 ) represents an ellipse for a given value of k , with its
center at ( , 5), and with its major semi-axes parallel to the x-axis if
d > d. , and parallel to the y-axis if . The two principal

semi-axes of the ellipse have magnitudes A (. and ky respectively. The

tables of this report will deal with ellipses represented by equation (3a-8).
The probability that an error lies within this ellipse with parameter rc2' is

p e) e. (3a-9)

The tables of this report will deal with ellipses represented by equation
(3a-8).

b. OFFSET CIRCLE PROBABILITIES FOR THE NORMAL BIVARIATE ELLIPTICAL
DISTRIBUTION.

Let f (x, y) be a normal bivariate distribution function with I

and (the means of x, y respectively) at the point M(,J ) in the
xy plane; and

The probability that a point (x, y) from a normal bivariate
elliptical distribution N[(xq); (iJ); 1( Y] with zero correlation

falls within a region S in the -y plane is given by:

PI~j exp. -~ (Yd)bl

Let the region S be a circleC of radius R an-! the center (0, 0) at
the offset distance D from /1( ,g) , the center of the distribution.

4



Then

= [.(w Jeic {c~ e[ x() xd (3b-2)

Equation (3b-2) yields the probability that a point (X, y) fro a normal
bivariate elliptical distribution, NLBI) V ); 6;d ;zero

correlation] , falls ithin a circle,A of radius R, and whose center at (0,0)
is offset by a distance D from the center of the distribution.

The following figure illustrates the configuration of the center
M(R, ) of the distribution relative to the origin as wel as the distance
from the center (0, 0) of the circle to point M(i, ):

YY

I '

FIGURE 1

It can be shown (see Technical Supplement) that equation (3b-2) may
be transfurmed to:

<A-A

IID) OS34~) - X

52 -



This is dcne by rotating the XY axes through an angle Of -- C t47?9/F
so that the center of the distribution Is ms d to lie on the new X-axis (X)
at the point (D, 0)*

Xe

If the new X Y axes are translated through the distance D to the
point M(i, j) and then transformed to polar coordinates, equation (3b-3)
becomes:

JR

xqp e~r 1) #sd#(3b-4)

e a (See Technical Supplement for all

derivations4

In order'to evaluate equation (3b-4), the integrand is e--panded into
a power series in / and 0 . After many transformations, sabstitutions,
expansions, and regroupings, the following expressions are obtained: (See
page 7

6



IV R

-t Co PA( (-el (3p b-5)

=re (3b-6)

=re

2) [,a"i]

where: a= rvd-=4r2

d-/I (3b-9)

A (r2ol

A= r-cos,2j
B=2r2zx2Cos /

7



Note that the number of terms in each bracket of equation (3b-8) is finite,

but the number of brackets is infinite.

(1) Norma Bivariate Circular Distribution

If b is set equal to zero and a&* o in equation (3b-8) (so
that r=Is d'j -4 _6), we obtain the offset circle probability for a

normal bivariate circular distribution. Equation (3b-8) is now transformed
into:

Sis] [ [-e•+
K! m

K4 .(3b-lo)

'n=o

where S and 2)/2d Thia is the probability that
a point (x, y) from a normal bivariate circular distribution falls within a
circle utose center (0, 0) is offset a distance D from the center M ( , )
of the d stribution N [c-); (7, . = 1 ; zero correlationj

(2) The Offset Distance is Eqal to Zero

If, in equation (3b-8) the parameter a is set a O, but bO,
then D (the offset distance) = 0. Equation (3b-8) Secomes:

P[x~e= (r)(ZI 1eS S j(3b-11)

K=o

where S= Rl/.214 r of

8_



(3) Input Parameters

It is tesirable for many reasons that PEC-:t!0t) be
dependent on r , R O and D/d6. Thes* Constitute the inpt emt.,
standardized with respect to 4V, for the tables; i.e.., these paramters are
measured in units of O. Equation (3b-8), in ters of the standardized para-
meters, becomes:

P[cx,)et] -re I4eC

E n b-12) is the infinite sries representation, in terms of the

desired standardized Parmters reprsnb ,iner of the right-

hand side of equation (3b-3). It is this equation that enables us to compute
the probability that a point (X y)fro a norm.l bivariate elliptical
distribution with a given r (FOJ6 will fallI within a circle of agie
standardized radius- R/d"x whose center (O,0is at a given standardized dis-
tanceD/d from the point Pi(,Zg) ,the center of the distribution, where
X are the x-Mean and y-Mean respectively.

In order to compute P , enter the tables with a
knowledge ofrD/t4;/ad , a obtain the corresponding

probability. It is to be noted that one need not be given the coordinates
of the center of the distribution, i.e. M(x,Y) . Only the offset distance,
D, is sufficient for this purpose, in addition to 6X 1 S and R (radius of
the circle). If M1ij) is given or determined from the distribution, D can
be computed from the expression

D -2 -9

9



For eamle, given: r(= 4)0.Z, Q/A1x 1.8, DA J.S.
P is calculated to be equal to 0.6132. Note that mere ratiou are sufficient
for evaluating the probability; one need not know the vaoues -7

. .Naturally., given the values of d,, , D(o.r X and ) d P ,
the entries to the tables can be =de in the form of ratios.

Suppose we are given the problem: Compute the prr'obility that
an impact point from a normal bivariate elliptical distributio i with
dX - 500 feet, 6 y - 300 feet, whose center (of distribution) is displaced a
D a 1000 feet from the aim ii_ , should fall within a circle (about the aim
point) having a radius of 1750 feet. In this problem r - 0.6,, /d = 2.0,
R/rx - 3.5. The probability is computed to be 0.9256. This means that a
circle having a radius of 1750 feet and whose center is at the aim point
offset 1000 feet from the center of the distribution will contain approxi-
mately 92.6% of the impact points.

c. .xamples of the Use of the Tables

The entries (input parameters) to these tables and the ranges of
their values were shown in the sunmary (Section 2) to be:

R V0001) 4-5

D/cfx oo(o.05)5.0.

There is one output parameter, namely P; the tables consist of values
of the probabilities. However, given any .-ee parameters, one can find the
fourth from the tables (interpolation may :imes be necessary). It is to
be noted that in all the prc lems discusse ... elow it is assumed that the
major and minor axes of the equiprobability ellipse are parallel to the x
and y axes respectively. The center of the ellipse is ( y-) . Suppose
we wish to consider the bombing of a target. If the aim point (or target's
position) is assumed to be at the origin of the xy plane, then (g, )
measures the "aim bias".

10



(1) yes of Problems. There are several types of problems
encountered t heory and practice, all of which stem from the fact that

there are essentially seven parameters (not all of which are independent):

r ; R/4 , / ; P

(2) Problem1 Given: X, ; To find P.

We are given enors which are governed by a norml bivariate

elliptical distribution: x - 2 5 0 0 feet; 6 y ZOO feet; t,! .
.s200 feet. To find the probability that an error should fall

within a circle (about the aim point located at the origin) having a radius R

of 1.450 feet. First, we compute the value of D from the forula:

2- -A "' . -

X A 2 Next, me compute the ratios: =yd-=f0S0,
R /SX =t~ ;#0S0 and D/4r 0 The probability P i

shown from the tables to be equal to 0. 12 ?9q . T a 13'd of the
errors fall within a circle about the aim poin and havvn a'ius of

4450 feet.

(3) Problem 2 Given: 6
x  'D ; R. To find P.

The imact points of a missile are known to come from a normal

bivariate distribution. The mean of the distribution is displaced 31250
yards from the aim point; 6 - - 00 yards; dy - J, 600 yards; to find

the probability that an impact point will fall within a circle, about the

aim point as center, having e radius R of 2,400 yards. In this problem,

r = ,/X = 1.6 DkKx= U O/-0-II * ,R/d:,x 4 Ie oo. .4
The probability is shown from the tables to be O.1142.

(4) Problem 3 Given: S P; P. To find R.

What is the radius, R, of a circle, about the aim point as

center, that contains 60 % of the Impct points of an artillery shell?

The impact points are governed by a normal bivariate distribution:

6x : 800 feet; 6 y. 3,040 feet; the mean of the distribution is

displace "rO feet from the aim point. First, we compute the ratios:

r= /r and 3)/6 • Next, from the tables,, w. determine the

value of'R/= 4-0 corresponding to the values of P, 1d/4 , and

1 . Finally, we obtain the value of R - 3,200 feet from the relation:

'R= ('R/d-) dx

(No, e: r= 3041c03.#; 2K :561/ 0=. . 95;P= 0.6o).

1l.



(5) Problem 4 iven:~ , R- To find D.

The (two-dimensional) errors of a target's position are governed
by a normal bivariate distribution, with: d 5cc feet; 4-
feet. 50 % of the errors lie within a circle about the true position as
center, Inja radius of SSO feet. How far is the mean of the distri-
bution displaced from the center of the circle? First, we compute the
ratios: = /6 , /d . Next, frcm the tables, w determine the

value of - Oda corresponding to the values of P, R/ X , and r.
Finally, we obtain the value of the displacement distance, D, from the
relation: 1p = LDcrQ * ( : 40/500 Z0.1'; R/d, =5b =it:1)

(6) Problem 5 Given: P R ; ; X To find '.

We are given target position errors which are govern,!d by a
norml bivariate elliptical distribution. We are also given the probability,
P - 7A that an error should fall within a circle (about th'- aim point
as center) having a radius, R, of A 950 feet and whose center is displaced
a distance D_=,- U25 feet from te = of the distribution. If, in
addition, 6 X is given equal to 750 feet, what is the value of ?
First, we compute the ratios: R/4 , */ . Next, from the tables, we

determine the value of r ( yl'X 2. if corresponding to the value,

of P , 'R16x and D/6,x- Finally, we obtain the value of from the
relation:

.y = rex loo jAfri

1*ACN(aLEGKOM
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5. TECHNICAL STJPLM2ET

In this section ve shall shov how to obtain equations (b-5), (3b.-6),

and (3b-7), namely:

let fe { (+1)-~BP dd (5-1)

fl=a

7%=D K=)ILS 1=0 L - (bf,'i3

where the parameters A, B, C, a, b, r, s, t are defined in (3b-9). We see

from equation (3b-1) that the general expression for P[(LXy)65]
is given by

where the correlation coefficient is zero, the region is S, and X and y

are the means of x and y respectively. Suppose w wish to determine the

probab ' ity that a point taken from a normal bivariate elliptical distribu-

tion tN[(x,,) ; (i) ~,~]shall fall within a circle of given radius R

whose center is displaced a given distance D from the center of the distri-

bution, M (5). Equation (5-14) becomes

13



In order to evaluate the double integral in (5-5) w shall rotate the

coordinate axe thirough1 an angle 6(= z'ai'(l0) and translate to
M (, yj) through the distance D (See Figure I). We obtain

_x + - )1• (5-6)

Next, we sha.ll transform (x, y) to polar coordinates:

X =, Cos&

y= si.O (5-7)

where

0 p -P R • (5-8)

Then. (5-9)
Then dx dy=I )dpdeO ded.

Now set r 6y - (5-10)
dx

Equation (5-6) becomes, a.ter simplification,

_r ai R (5-l1)

[(X YTrc) j e ,o ded
0 0



where

u= °Z(+1)- pB
C

A= (r'2-l) Cos=8
B=ZrD cost (5-1-)

To evaluate the double integral in (5-11) we use. the infinite series:

e 1 + UI to0

Ui (5-13)

i=0

We employ the following definite integr13:

d a Cos 3e e C 0=S .de 0

Cos dO = r, fcos7eda= , 7P0
0

f 4.6- 8... zn) 7" >

_3.5 -5 (Un-ID

Substituting (5-13) in (5-11), we get

wR

L'4Picq"1 2 31u )d * (5 15)

15



To evaluate the double integral, we integrate term by term, resorting to the
binomial expansion of U

PU P ~714-1 (-6
nj Cw 1E (A + 1)-B] (-6)

+77 n -

£:=o j=o

By carrying out the integrations and applying (5-14) we obtain the infinite
series (see page 17)

16



:+ _2__ 2b 3I33bt

I +- 4.'t!42-C 3C C4

3 +.1b 46ij 3bA 9+ 3.5 _a 3*5lbs1
3106.!C +1. 6-3!C 3 I.5 1 i.*.!C J (518

5-,49 3b 356 3. OL

10 6 *!c 4!Cs ' .J ! C * 6.84 C!04 8

+ + .4 +3.b02.+3.5.1o C b..4ob

5! cs .5!C 1+.6 SICS e6O5

+ 3.15~ 3.5-.15.Z bei' 3. 545A(4i
~.6 1C6  4.6. 61C 6 + 'f6*8-6!c'

where

b= r2 -

c=2r 2 =Z (5-19)
ot= 2Dr 2

1T



In equation (5-18), let us put

s.... 2rD (5-20)

Thm, fro (5-19) and (5-20)

aC= A * d>.(2Dr-1)2  
,2

Thus orx =c4aC. (5-21)

Referring to equation (5-18). w see that it involves even povrs ofat: <Xm 2 f - so. thatofc =,1C 02I •= al I; 0(4C 2m=C mln. ;o -I"=aic' w
Substituting (5-21) in (5-18) one obtains an expression for p(y e
involving DIc, , r, 6x , and R. is,

P[xyfte
tb a]

-2 2- -e 2 + - - IZr(4 z 2 LCC + c j

+, [2-1 C. +. - + a.,6 Z 2W ~4.201 '4.3!Cz 3 42 4 -**C

RS 3b , 3 -0-5b 6a -3.1zba

-T,.-- + L 4-3!C3 + . C 3 '-14! C (5-2)

3 bi .5 be. + 3. a. 5 .Qd
-G.*.c' .6.5!c 4 5!C3 4.6,6! C3J

R0F z 4b 3. -5-.b"+ 36.s.7bV" f'F[4-t ' + -4'- 4!.C + -46"1.0 4-6-0.-10

- J2ao 3, .obo 3.3.5.1 b a 3 .5. .I.1oba.
S!C* 4.51c* 4  .6. S! C 4.6.8. 51 Cif

+ 3415C 3.5-l52bOa 1  3.5-7.15uh~
4.!l .'.6.6!C+ 1 .6-8-6C&

In (5-22) let us make the substitution

S = R/C (5-23)
so tbt R•C= c RK /CK -. S. We then obtain the equation

.8



__sC + i bA 3_b_ 3L

S 3 . 3.,I +3 S'' -3
4--! !

3b 3.4.-b 3  3_ 5 0 .
3! 31 4.i+'.63!1 4.6.84h6I!

- .. , 3- 3.5 .71.b. 4 3. 3.5.Z.,
-4.6.51 *.68s1 (5-24)6.6

+ 3 [1 +4b4. -21 3571* ft 3-0b

+ 3--7-tVW 3.5.70?- 3.5r.7.-lbo.*.6-*! 4.6.8.7! ] "

In (5-24) e shall combine terms in such a WSY as to leawi to a, pattern or
law of formation. We shall group terms within the brackets and add vertical-
ly. Adding the first colum of terms we obtain

s1- +--I-.". -. " " " (5-25)

It is well known that

S S-+ SS

3 ! ST.

Thus, we see that (5-25) is precisel:

i-.
9(5-27)

19



Main, in (5-24), if we add vertically the terms involving the first powers
of a and b, we obtain

_5'r~_ f3b 6d f. b _.aN_.
Sum Si lb 3.'. (5-28)

Collecting and simplifying the expressions in (5-28), we obtain

Sum. -T St 2 - = --
z ,.5! (5-29)

In (5-29), the expression in the second parentheses is precisely

Hence the terms involving the first powers of a, and b add up to

Sum (5-30)

Again, in (5-24), if we add vertically the Tuadratic terms in a and b, i.e.,
the terms in a2, ba, and b, we get

20



Sun (quadratic in a and b)

= 3  3.ba 3b

- e i - 1]I

S5[1.1_ 3-.- .b+ 3.6b'1
s 3.15 , . 3441 4.,+1 6 (5-31)

-6 3~[.35&2~ 3.'*'i5bc. + .o"
1L 4.71 4.61 + .l

1 L . - "71

By collecting and simplifying the expressions in (5-31) we obtain

Si - ", ' L ii i • (5-32)
L~~IF +6 32 10 Vh U !~ 31+

Analogously to the first bracketed term in (5-30), it can be sho'wn that:

I i+JL ) (5-33)T-- Z-F3T +41-

21



Hence

Sm (quadratic in a and b)

*23[i 5(it 71 ~ +~ (5-34)

21-_.3 4_ 3ba + (3)

Contimin in this mnner, we obtain

11[.S 6 a.
Sum (cubic in a nd) (5-36)

sum (quartic in a a~nd - A ~ 74 b)-- jP a & (537)

SuM (quintic in a and b)=MkA:-34 - +. 1 ~ b*ib
il'fL K@_. L

+ (5-38)

Let us derive the expression for the general or n- term. We shall use
equation (5-38). The derivation, however, is perfectly general. The first
term of the right-hand side of (5-38) is

0 :..*1.3l.7n.Q . (5-39)

= Z.4.6.8.i

22



The denminator in (5-39) can be show to be equal- to Z 5 , so that

=c5 Zs.5!..s,.7.q  10! = (2.5)1!
0.5 £.51 zs!

Proceeding in this manner, it can be shown that

T / n ) _ (Z7 )! .1 .3 .. (ln- ) (5 4 )

Next, in (5-38), consider the 2
nd term, in brackets:

Tp( s (5-42)s

The general term , is obvious:

T*n)- (In-3 )

Finally, consider the 3rd expression in brackets on the right-band sid, of
(5-38):

T VI A qbL .zab ' 3 b'4, + 15 ba b!
"0!- q 8! 7! 6! 1 (5-442
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T1 dnominators in (5-") are:

Tbo m.oerator- in (5-") am:

ITms, each term in (5-44) my be written:

Equation (5-38) MY be written in compact form as follows:

3111(Quintic in a'and b)= k +w4 - -'( lt i~ (5-.4.6)045) [L", (2s-55) . .

We can now write down the general expression for the n-tic in a and b. It is

2O (-147)



Since .= 0 (b/a)t

(an) (14, )! = '-o

we my write ( 5 -47 ) in the alternate form

T Cie -M 1%(5-48)

Combining equations (5-41), (5-43), (5-47), and (5-4i8)p we obtain the required
probability P Lxy),-,el

fyPL(X,Y) E41 exp D + wdjyY

ZC: X1+y2 - R2

=re ex ,Y tipe -r 26 1  J

#=0 K=O"10

25



=re t ii: 1-eS [-0
el 0

'Abr*, in (5..4 9 ) and-5o),

5=-.!k( -r ; r: 6y
I F R$6

a 69!x- = 1 "( V'(5-51)

b= r1-i.

Note tht the m=ter of terms in each bracket of (5-49) and (5-50) is finite.
The number of brackets, however, is infinite, i.e. n 4- # •v Let us
write dovn -seeral terms of (5-49):

+j[1_e (i+ +~)[' 3b+ , (5-52)
L,-* ,_ ,! j

+ T 1 1 61

6 [d*5 gb e 6~ V5~1 b -L SI- -r" W'
81 T6 ST +

+ I IW [1.+- J 61.+...+ ri_%-,+ "lrL ,.-r-+ 6 %,-+,_7
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Let us make the folowing substitutions:

p=R/',</d,, fe (5-53)

Then s, t, and a in (5-51) becom

t=i IZ (5-54)

a==

Substituting (5-54) in (5-49), m obtain:

re_ 5-55)

'7=O Kao

27



Equation (5-55) is identical to equation (3b-12), and involves the standard-

izod pamnters: r (- 6 y/dx) , tS Rid',,D/dx LoIt us now consider the
following two special cases:

a. a o b O.

Setting b 0 in (5-51), we see tht r= , 6 6
Also, S=R 27 ,  t =D*26 1 , a=Z(WE) 1= Z 2)= 22,.

Finally, (Tu. _ _ 2. .t" - ts , for b o,

e. n! (20!- Z'-",LI - 1"
w have:

6 'x = 1/2=6

=t = (5a-1)

To.n (2n).

Substituting (5&-l) in (5-49)(or (5-52)), W get

I- E T .0(5a-2)

,n-O

From equation (5-6), e see that when r = 1 (i.e. when 6 =y= 6 ),

8(5a3)

28



The right-band side of (5a-3) equal to a constant represents a circle., Ths,

mb. b - 0. the distribution is circul r. Rme. p xy) £ ,]
represents the probability that a point (x, y) from a norma bimriate

circul distribution., N[(xy);(,,); (6,6)1 falls within a circle

of radius R whose center (0, O) is offset a distance D from the center of
the distribution.

b. a Ob O. From eqmtion (5-51) wsee tatvena a 0, D O,

,ifce r *0 . Thus, the offset distance is zero, and the men (x,Y) of the
norm l bivariate elliptical distribution coincides with the center (0, 0) of

the circular region .

Substituting a = 0 in (5-51) we obtain

(5b-1)

Putting the relations (5b-1) into (5-49) or (5-52), we obtain

Thus, ,hen a 0 0, e see that F [(xy) t ] represents the

probability that a point (x, y) from a normal bivariate elliptical distribu-

tion, N[(XY);1 (0,0); (,d)] falls within a circlete of radius R vbose
center (0, 0) coincides with the center of the distribution.
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